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01. INTRODUCTION 
THIS paper is intended as a continuation of the first paper with the same title [4], in the 
sense that that paper dealt with the 2-component of the stable homotopy of spheres in 
dimensions 22-45. Here we correct a mistake (see 3.3 below), determine more of the multi- 
plicative structure, and write Toda constructions for most of the elements in this range. 
These results have implications beyond dimension 45 and, in particular, are useful in [3]. 
In Section 2 Massey product representations are given for various elements in 
Ext,(Z, , Z,). The technique is rather ad hoc, and amounts to writing down the conjectured 
formula and multiplying by something to get a new element for which the relation is 
recognizably correct. Section 3 applies essentially the same procedure to Toda constructions 
and obtains some exotic products and some new relations. Section 4 summarizes the results 
in a table of generators for most of the homotopy groups through dimension 45. 
52. SOME RELATIONS IN Ext 
The purpose of this section is to identify certain elements in Ext,(Z,, Z,) with par- 
ticular Massey products, and to obtain some multiplicative relations which do not hold in 
the May spectral sequence. 
(2.1) n = (h2, h, , g) and h, 11 = hz2dl. 
Proof. Multiplying the bracket by h, , we obtain 
h,<hz , h, 3 s> = 0~3 7 hz 3 h&g = h, hag 
but h, h, g = h22dl # 0 (by the May spectral sequence) and so the bracket (which has zero 
indeterminacy) is non-zero and can only be II. 
(2.2) h,g, = (P, hz 2 W. 
Proof. Multiplying the bracket on the right by h, gives p(h, , h, , h2) = ph,‘, but h,‘p = 
h, h2g2 by the May spectral sequence, and this is non-zero. The result follows. 
(2.3) gz = <h,h,‘> h,, h,, hJ. 
t A portion of this research was supported by the U.S. Army Research Office (Durham) and a grant from 
the SRC. 
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Proof. Multiply the bracket by h,: 
h&hlh& h,, h,, ha) = <<h, 3 hlh.s2, h,), h, 3 hs) = 0, hz > hs) 
and the result follows from (2.2). The bracket used for p in this calculation is obtained via 
the May spectral sequence. 
x= and h, x = ho2g2. 
Proof. Multiplying the bracket by h, on the left, we get two terms. One is zero, since 
(h3, h, , h,) = 0; the other is ho2g2 by (2.2). Hence the result. 
(2.5) h,x = h22d,. 
Proof. Using the bracket of (2.4) and the fact that <h,, h, , h,) = hZ2, we need only show 
that (h,, h2, p)h,-, = 0. But this follows because the bracket (h,, h2, p) can only be h,,3h3 h, 
or zero, and in either case is annihilated by h, . 
(2.6) hlfi = ho2c2. 
Proof. From the May spectral sequence, fi = (h12, hb2, h,) and c2 = (h, , hd2, h3). The 
result follows by the well-known relation h13 = ho2h2. 
53. SOME HOMOTOPY RELATIONS 
In this section we obtain some products and Toda brackets in stable homotopy, and 
incidentally establish some Adams differentials which were missed in [4]. 
A word about notation. Recall that we deal with the 2-primary component so that 71, 
denotes the 2-component of the stable n-stem. If x is a surviving cycle in E” we denote 
by {x} the set of all elements of n,_, which realize x. For example, {h,) = (v, 3v, 5v, 7~). 
Any statement about {x} is understood to be valid independent of the choice of an element 
from the set {x}. In a few places we make a preferred choice, and then we will use a special 
notation. 
The symbol J, will denote a generator of the image of the stable J homomorphism in 
the n-stem. On the other hand, pk will denote the unique element which realizes Pkhl in 
the (8k + 1)-stem. Recall that Jsk = vJ~~_~ realizes Pkelc,. 
(3.0) We collect here some general emmas regarding the image of J which are useful in 
showing that certain compositions are zero. 
(3.0.1) (Adams) If a and B have zero d-invariant, then c$ has zero e-invariant. 
This is Proposition 3.2 of [l]. Since the e-invariant is non-zero on the image of J (at 
least in the range of calculation), this proposition can be used to show that certain com- 
positions are not in the image of J, since the d-invariant is zero outside the O-stem except 
where the & are involved. It follows, for example, that ~(71~~) = 0 = [(n,,), since 7c2, is 
generated by J2,. 
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(3.0.2) Suppose that the secondary composition (0, c(, p) is defined, where o E rcn,,(BO), 
c1 E rc,, and /I E nl, with b>O. Then the bracket denotes all compositions of the form 
s4i+a+b+l _&, 574 v e4i+a+l A+. ~0 
Since b > 0, fl is homologically trivial, and so are fi and all compositions in the bracket. 
But all elements of infinite order in n,(BO) are homologically non-trivial. Thus the bracket 
has finite order; and if a + b = - 1 (mod 4), then the bracket contains zero. One applies 
this argument o show that certain brackets in the stable stems are zero, where the first 
map in the bracket is in the image of J. 
To apply this proposition one needs some “ unstable ” information about c1 and /I, 
i.e. one must be able to desuspend them to the appropriate level. For this purpose the 
following fact is useful. 
(3.0.3) Im J n ~8knsk(S5) = 2s [2]. 
We remark that there is a simpler analogue of (3.0.2) for primary compositions; 
cf. (8.1.2) of the previous paper [4]. See also (8.6.2) of that paper for another type of argu- 
ment involving the image of J. 
(3.1) We begin with homotopy constructions for n, d,, h2 d,, and 1. 
PROPOSITION 3.1.1. (v,c, 12) realizes n. 
Proof. Using (3.0) or otherwise, one easily verifies that the bracket is defined with zero 
indeterminacy. We can now imitate the proof of (2.1) :
0 # {hZ2dl} = {h2 h4g} = v3 R = (0, v, a)E = (T(v, (r, E) 
and the result follows. 
PROPOSITION 3.1.2. (g, K, 0) E {h, dl}. 
Proof. Multiplying the bracket by v gives {h,?d,}, by (3.1.1). (The bracket clearly has 
zero indeterminacy.) 
PROPOSITION 3.1.3. (a',~, 5)~ (h2dl}. 
Proof. Since 5 E {q} and cl2 = h22d,, we can write 
v(Cr2, q, 5) = v(g, qcr, 5) = (v, 0, t&C = C2 
and the result follows. 
PROPOSITION 3.1.4. (02, q, 02, q) c {dl}. 
Proof. It is clear that (g2, q, a2) is 0 mod 0 in n3e, and that (v, a2, q) contains 0, 
which enables us to construct he four-fold bracket. Its indeterminacy is seen to be generated 
by qn,, = qJ31 which is part of the indeterminacy of {dl}. To identify the bracket with d,, 
multiply by v: 
<02, V, c2, tl)v = <c2, rl, <c2, 1, v>> = <02, ‘I, 5) E {h2 dr> 
using (3.1.3). 
PROPOSITION 3.1.5. (G,g, 17) = ([n&q, v) = {t}. 
Here [n] denotes (v, 0, i?) (cf. 3.1.1). 
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Proof. Since h,t and h2 t are survivors, all primary compositions into 7r36 are zero and 
all three-fold brackets must have zero indeterminacy; so we need only prove them non- 
zero. One verifies that (n17)(~20) = 0 and then. 
q(?, G, Ic} = (?V, 0, E) = (v3, g, II) = v’{n} = {h,*m} = {hit) # 0 
which proves the first bracket. The second follows from h,‘n = h, t # 0 and the bracket 
v2 = +l, v, II>* 
We specified the choice of n because for other choices the bracket may not be defined 
since qJ31 # 0. However, the bracket is non-zero whenever defined, since (Jjl, y, v) = 0. 
In the first bracket of (3.1.5), ? may be replaced by ~0; for if the resulting bracket is 
multiplied by v we obtain OE # 0. Thus v(t} = 617 E {c,g). 
(3.2) We list here some brackets which arise from the Adams differentials 6,(h,J = h, h,* 
and 6,(h,) = ho h,*. 
PROPOSITION 3.2.1. y10, = (cJ*, 21, q3). 
Here 8, denotes {ha*}, the generator of z30 = Z2 a 
Proof. We can obtain this by a manipulation: 
<a2, 21, v3) = <g*, 21, co29 21, Y>> 
= (c?,21, fJ2, 21)q = $4 
where the bracket for e4 follows from (8.1 .l) of [4]. 
Note that q3 is only defined mod qp, but this does not affect the result, since 
(a’, 21, ?p> = p%6 = O* 
PROPOSITION 3.2.2. (0,) 22, yl) c {hlh5}. 
Proof. Since e4, 21, and r] correspond to h4*, h,, and h, respectively, and 6,(h,) = 
h4*h,, this proposition follows by the convergence theorem of Moss [6] (cf. also (8.2) 
of [4]). The indeterminacy of the bracket is qJ31. 
Let y4 denote any element of the bracket of (3.2.2). Clearly vq4 = 0. We have also the 
following consequence. 
COROLLARY 3.2.3. (~21,~,) c {h,h,h,}. 
This is immediate from q2q4 = (21, q, 21)~~ c {h,*h, h5}. 
PROPOSITION 3.2.4. (a) (e,, 21, v') = {h,*h,}; 
(b) <e, 7 21, e) = lh, co>; 
(c) <e,, 219 CL) c {P’h,h,l. 
Proof. These follow from Moss’s theorem as in (3.2.2). (We could have proved (3.2.1) 
as well by this method.) 
(3.3) We will now give constructions for q and p, obtain some products, and correct a 
mistake in [4]. 
PROPOSITION 3.3.1. (q, ~*,21,q) contains{q},andv{q} = yck-. 
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Proof. All three-fold brackets in f13,, have zero indeterminacy since there are no non- 
zero primary compositions into n3e. Now (K’, q, 21) = 0 in n3,, since q times the bracket 
is zero. It follows that (Q K’, 21) and hence (K’, 22, q) are also 0 mod 0. Thus the four-fold 
bracket exists. Its indeterminacy is generated by qJ3i (which is the indeterminacy of {q}) and 
by ~4. 
To identify the bracket with q, multiply by v, obtaining &rc2, 21, 9, v) (mod 0). But 
(K, 21, q, v) is the Mimura-Toda construction for E ([5], pp. 43-44), so the element in 
question is r@ which is non-zero and realizes h,d,,g = h,e,‘. From (3.2.2), VY/~ = 0, and 
since v{d,} c {h, d,), we have the result. 
COROLLARY 3.3.2. r/3' = 0. 
Proof. The product has filtration at least 4. Since vy~~ = 0, the possible non-zero 
products are ruled out by (3.3.1) and by (3.0.1). 
PROPOSITION 3.3.3. (y13, q3,21) c (p}. 
Proof. We have the corresponding Massey product 
<h,h, 7 hk4 3 h) = P 
in E, , which can be proved, e.g. by the May spectral sequence. The proposition follows by 
the convergence theorem [6]. 
There is a nice point here concerning the indeterminacy of the bracket. We will show 
in a moment that 2na3 = 0 (it follows from (3.3.5)). Whether or not q3(rtr7) is zero depends 
on the choice of v~, since (q~)(n,,) contains qp,u2 # 0. Perhaps the “natural ” choice of 
11~ is that for which the e-invariant is zero; this corresponds to the splitting of rcr6 via J. 
With this choice, the bracket of (3.3.3) has zero indeterminacy. 
PROPOSITION 3.3.4. In the Adams spectral sequence, 6,(h, c2) = h, h,g, . 
Proof. From the May spectral sequence we have relations h, fi = h,p and ho h,g, = 
ho h, fi = h,‘p. Thus if h, h,g, were to survive it would be realized by 
f12 <2z, yl3 9 v3) = ?I04 fl3 
(by (3.3.3) and (3.2.1)), which is impossible: because of filtration, yn,, n {h, h,g,} =a. 
It follows that h, h2g2 is a boundary, and this proves the proposition. 
It follows that 6, c2 # 0 but there are two candidates for this boundary so a little more 
work is required. 
PROPOSITION 3.3.5. ~0, f 0; in fact ve, E(P). 
Proof. We write the Adams spectral sequence for the stable complex So u e4 with 
attaching map v. By (3.3.4) we find that 
a,((l, hz, kt2P,) = &Ah,, A,‘, b> = 62 ~2 # 0 
and therefore 6,(1, h, , h,‘) = i*p. Arguing as for 00, in (7.3.2) of [4], we deduce that 
~0, # 0 because nothing in n,,(S’ u e”) has sufficiently low filtration to map onto tY4 
under p* . A further check shows i*p = 0 and so v0, E {p}. 
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COROLLARY 3.3.6. 6, c2 = h3p = h,f,. 
Proof. From (3.39, h3p cannot survive, since V(T = 0. 
PROPOSITION 3.3.7. 6,(h, h,) = hop. 
Proof. Immediate from (3.3.5) since 2f14 = 0. 
Thus it turns out that rca3 = (22)5 and 7~~~ = 2, + (22)3. 
These differentials were missed in [4]. The mistake was propagated from [4, 8.1.31 where 
the authors naively neglected to check the full indeterminacy. We have in fact now shown 
that ve, = (v3, (r, 20) since otherwise [4, 8.1.31 would stand in contradiction to (3.3.5). 
(3.4) We now give a construction for u and link the elements u, g2, z, and do3 ( =P’eo2). 
PROPOSITION 3.4.1. q2(g2} = q2E2 = ICY (#O). 
Proof. Since n2E = {P’d,) (see (2.1) of [4]), r21c2 E{do3}, but this is a survivor. That 
ICY is the same element follows from the fact that both elements are zero when multiplied 
by rl. 
COROLLARY 3.4.2. qE2 e {z}. 
This is immediate from (3.4.1). 
PROPOSITION 3.4.3. 2E2 # 0. 
Proof. Otherwise one could form the bracket (21, E2, 22), which would have zero 
indeterminacy and could be identified with qZ2. However, 
1721, Z2,21) = 2(q, 21, E2) E 27142 
and clearly rc3 is not divisible by 2. Thus (3.4.3) follows from (3.4.1). 
Of course it follows that 2E2 E {h,u}. 
PROPOSITION 3.4.4. (Q v, KE) n {u} # @. 
ProoJ Observe that the bracket is defined modulo v. If we multiply by v we obtain 
i’%ci? = y2z2 # 0. We can show that the bracket meets {u} by showing that v times the other 
generators of n39 is zero. This proves, in fact, that v{u> = ICY is the only non-zero element of 
v(x39). 
We have shown, then, that 7c40 = 2, + (2,)’ and that 7~~~ = (2,)‘. 
(3.5) This sub-section is concerned with g2 and related elements. 
PROPOSITION 3.5.1. ~0, E {x}. 
Proof. This is suggested by (7.3) of [4]. Observe that hz2h, is not in question since il 
has the same filtration as h3 h42 = 0. It remains to exclude h, t. 
Consider (q, 21, u](t)). Since2{t) = 0, this bracket is zero in 7c39 mod 11, as (q, 21, q) = 2v 
On the other hand, <r, 21, cr19,) contains (r, 21, B,)a = QQ (r E {h,h, h5}, using (3.2.2) 
These brackets cannot be the same, then, since {h,h, h,} n qqs = 0 for filtration reasons 
It follows that aB, # q(t) and hence 08, E {x}. 
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COROLLARY 3.5.2. 0~6~ = {h,2g2}. 
This is immediate from (3.5.1) and (2.4). 
PROPOSITION 3.5.3. (d4, v, a} = {h,g,}. 
Proof. This follows from (2.2) and the convergence theorem. The essential point is to 
check that the indeterminacy, which contains {ha2g2} by the above corollary, does not also 
contain any elements of {h,g,}. This can be verified using (3.2.4). 
PROPOSITION 3.5.4. (ylg , q3, v, o) = {g2}. 
Proof. Since (qs, qs, v) = 0 mod 0 in rca6 (because q times the bracket is zero), and 
since 
(r3 3 v, a> = <(a2, 2b r>, v, a> 
= (2, (21, q, v), a) + <cr2, 21, (4% v, 0)) = 0 + 0 
mod 0, the four-fold bracket is well-defined. Its indeterminacy contains {he2g2) by (3.5.2) 
and {h,g,} by (3.5.3). That the indeterminacy does not swallow up g2 itself can be checked 
by observing that h,g, , h,g, , and h3g2 are all survivors. 
To identify the bracket with g2, observe that 
2<%, fl3,v,fJ> = <<2bfl3,r3>9vs~> 
= <ve4,v, 0) 
which is non-zero by (3.5.3). We can substitute ~0, for <21, n3, q3) without knowing whether 
they actually represent he same element of {p}, because they can only differ by elements of 
qrc32 which therefore will not change the bracket. 
$4. GENERATORS FOR wn,30_(n145 
Collecting the results of Section 3, we organize our results in a list of generators for 
the stable stems in the range under discussion. All groups are Z2 unless explicitly stated 
otherwise. (A few compositions are given without proof; they are in parentheses.) The list 
of compositions given is by no means exhaustive. 
(30) 0,= (a, 20, rr, 20) = (hb2}. (See (8.1) of [4].) There are no non-zero primary composi- 
tions in this stem. 
(31) ~6~ = (02, 21, q3) •{hrh~~}; (v, 0, lz) E{IZ}; and Z,, generated by J3i. There are no 
primary compositions besides neq. 
(32) v4 E Co,, 21, r> = -W,~; <02, V, c2, r> = VJ; Cd E <v, x2, 21, r> n {d; and rtJ,, = 
{P”ccd. 
(33) VYI~ EPr2h,]; ve4 E Cd ; tlkll ; v2J3, ; and p4 = {p4M. 
(34) 2, generated by (n, 21, q4) c {ha h, h,}; v{n}; KR E (ea2); v,u~. 
(35) {a, R, 0) E {h, d,}; ~VCE = v(q} E {ho2m}; and 2, generated by J3s. 
(36) (V, G, Ic) = ([nj, n, v) = {t}. No non-zero primary compositions. 
(37) (e,, 2z, ~2) = {h22hsj; ae4 ~(~1; rl{tj = v2{nj = {h,tj. 
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(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
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Z, generated by(h,2h, A,}; (a, C,C, v) c {er} (c.f. (8.6) of [4]); v2(~,} = v&I, = e(n} = 
vg Ic = 5’ = {h22dI}. We have not settled whether 2(q) = 0. 
q74 E u&~51; <e4,21,s> = V, co> ; yl{e,] ;cg = v(t] E {c,g] ; [Tun E <VP v, KE) n {u>; 
Z,, generated by JS9. 
T-T, ~{h2~,M ={~23~,~ -G22M~M~;~(~4~ a E)(=vJ = V,~,GJ;<~, 9 2l,f0 
c {P’h,h,}; Z, generated by E2 with 2E2 E {h,u}; and qJ39. 
YW =V~,~c,k v(o4,21, P> (=/a) W’h2U W2 E(Z); r’J3,; ~5. 
Z, generated by {P’h, h,}; q2K2 = ~~ = v{u} E{P’~,,~}; np,. 
Z, generated by Jh3. 
Z, generated by (r3, ?13, v, a> = Cs2> ; <vo4, v, a> = {h0g2] = 2{g21 and 02e4 = 4M. 
Z, generated by {!z~~} = {!~,~h,}; q(g2} (E o(er}) c {k,g,}; Z, generated by {h, a,,} 
( =I (K, 8,) 22)); and {IV}. There is a possible non-trivial extension between the Z4 and 
the Z, . 
To show that {w] is not divisible by 2 one can show that various products with (IV} are 
non-zero. This would take us too far afield and we omit the proof. 
Note added in proof. The extension in xs8 is non-trivial. Also, there is an element of order 16 in ~45. These 
extensions are discussed in the Proceedings of the Algebraic Topology Institute, Aarhus, August 1970. 
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